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( )
1. The discrete random variable X has probability distribution
X -2 -1 0 1 3
P(X=x) 0.25 a b a 0.30
where a and b are probabilities.
(a) Find E(X)
(2)
Given that Var(X) = 3.9
(b) find the value of a and the value of b
“4)
The independent random variables X, and X, each have the same distribution as X
(¢) Find P(X, + X, > 3)
3)
_Formulag for Mean and Variance
E(X)=TxP(x=%) mean , |
1.5 ¥2Ply=
=E(xY)- 4 1 N
z- + (- +ud) +300.3)
=-0.5+09
E(x)=0.4 M
.
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Question 1 continued

(b
x -2 -1 o 1 3
x* 4 1 0 1 9
P(X=x) 0.25 a b a 030

E(x)= 0.4 from (o)
E(%2)= 4(0.25) + 1(a) + 0Cb) + 1(a) + 9(0.3)
T 4tato+2.3
E(x?) =2a+3.%
into Var(X)=39
Var(x= E(x*) - CEx)*
3.9 = 2g¢3.3- (04"
3.9-3.3+0.16 = 2a
0.2+40.16 = 2a
0.36=2a
a=0.18
Use fact that
2atb+0.65:=1

2atb=0.4s

002019, 6=0.04 o and b

() We have 5 possible values for ¥: -1 -2,0, \ and 3

For Xy+ %323 to boe tvue the possible combinations ave:

YyzVand X,23% - POx,+ x, >3)=(0.18%0.3) + (0.3x0.18) + (0.3 %0.3) (X=1)=0.18 |

Xy=3and X,:\
¥\=3and X,:=3
and- M\l\\'\o\\j

P(Y, +X2>3) =0.198

O

P 7 4 0 8 0 A0 3 2 4

a=0.18 inkb 2a+b=0.45 and Jor b:
2(0.18) tb=0.45
b=0.45-0.36
b=0.09
=3)= 0.3

4

= 0.054+0.054 + 0.09

(Total for Question 1 is 9 marks)
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2. Telephone calls arrive at a call centre randomly, at an average rate of 1.7 per minute.
After the call centre was closed for a week, in a random sample of 10 minutes there
were 25 calls to the call centre.

(a) Carry out a suitable test to determine whether or not there is evidence that the rate
of calls arriving at the call centre has changed.
Use a 5% level of significance and state your hypotheses clearly.

“4)
Only 1.2% of the calls to the call centre last longer than 8§ minutes.
One day Tiang has 70 calls.
(b) Find the probability that out of these 70 calls Tiang has more than 2 calls lasting
longer than 8 minutes.
3)
The call centre records show that 95% of days have at least one call lasting longer than
30 minutes.
On Wednesday 900 calls arrived at the call centre and none of them lasted longer than
30 minutes.
(c) Use a Poisson approximation to estimate the proportion of calls arriving at the call
centre that last longer than 30 minutes.
“4)

(a) Use Foisson Distribution Since weare talking about QN oweroage rote.
X = K of callsin AOmin span defline variable
X~ Poli0x%1.3)
X~Po(13) 141
Hypotheses
Ho: =13 S7. S\gmigicance—» 0.025 in each tail.
Hi: a1
Sinee 25313, test upper toil.
P(X325)=1-P(xs24) A1
= 0.04060.025 . 25 calls do not fallin the critical region A
insufficient evidence to veject Hy,not enough evidence to sugaest thak the rate of calls has changed

(b) Use binomial distnbukion Since we houe fixed # of trials
Y- Hof caus lasting longee than 8 rinaskes
Y~8(%0,0.012) M1
POY>2)=4-P(yE2) M
* 1-0.94%325
=0.0623 /"
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Question 2 continued

() C= ol cols oux of 900 that Last longer than 30mins

(v B(a00,p) Use poiston approximation => C=~ Po (A00p) M1
29
Prezor= & etmn®! 4 Formulo, or Poisson Distibution:
-q00p 27" sA X
0.05=¢ " Ply=x)=¢€ 22
X!
N0.05: €% appiy L to both sides
005> -Q00p M1 use ln rule: ne¥= g
(0.05 _
=TT
_ ps0.003328-50.00333 Al
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 11 marks)
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In a class experiment, each day for 170 days, a child is chosen at random and spins a
large cardboard coin 5 times and the number of heads is recorded.
The results are summarised in the following table.

Number of heads 0 1 2 3 4 5

Frequency 3 10 45 62 38 12

Marcus believes that a B(5, 0.5) distribution can be used to model these data and he
calculates expected frequencies, to 2 decimal places, as follows

Number of heads 0 1 2 3 4 5

Expected frequency r 26.56 s S 26.56 r

(a) Find the value of r and the value of s

€))

(b) Carry out a suitable test, at the 5% level of significance, to determine whether or not
the B(5, 0.5) distribution is a good model for these data.
You should state clearly your hypotheses, the test statistic and the critical value used.

(6)
Nima believes that a better model for these data would be B(5, p)

(c) Find a suitable estimate for p

(1)

To test her model, Nima uses this value of p, to calculate expected frequencies as follows

Number of heads 0 1 2 3 4 5

Expected frequency 2.07 14.65 41.44 58.63 41.47 11.74

The test statistic for Nima’s test is 1.62 (to 3 significant figures)

(d) State,
(1) giving your reasons, the degrees of freedom
(i1) the critical value
that Nima should use for a test at the 5% significance level.

€))

(e) With reference to Marcus’ and Nima’s test results, comment on
(1) the probability of the coin landing on heads,
(i1) the independence of the spins of the coin.
Give reasons for your answers.

2

(&) X~ 8(5,0.5)

=r=5.31 M{A\AA
:S: 55 ‘

P(Xx=0)=P(X=5) = 0.03125 | x1*0

P(X=2) = P(x=3) = 0.3125 x130

P 7 4 0 8 0 A 0O 8 2 4
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Question 3 continued

(b) Hypotheses
Ho: 8(5,0.5) is 0 good Mmodel
H,. 8(5,0.5) isnot a good model

# of heads 0 1 2 3 4 5

observed frequency | 3 10 45 62 38 12

expected frequency | 9.31 26.56 | S3.1 53.1 | 26.56 | 5.3

0i* 3?0 | e | @ | s |
€i 5.3 26.56 53.1 53.1 26.56 | S.34
Use for
’ 2 2 2 2
e 3 10 45 62 1 N R L

+ + + + —
5.3 26.56 53.1 53.1 26.56 5.3

x'=11.4  test skatistic
dof: 6-1=6 dof.

'x';(S'/.hu.oxo critical volue {rom tobles
14.350.030 .. s'\qn'\{-icom vesult. Sufficient Quigere t veject Hy.
Mowcus’ modet is ot o. good. fit.

=0.58588...
p:0.586 to 3¢f

(Q) p= OXHXI0+2x45+3x62+4x38 45012
5 %130

(d) i. Use pooling, Since E(0) <S. We calcwloked p from observed values .. subtroct 2 degvees of reedom.
dof = 5 columns- 2 Constvaints = 3 dof
il A3(s2)= 285 critical volue

(¢)i. Nima's wmodel (8€5,0.58))is 0. Qood {it since 1.62<.815 ..her Hy is mot vejected.
The colculaked px0.6 Suggests the dice is biased
ii. Nima's test was a good model and it wos Binomiad .. we con 0ssume Spins were independent.

9
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Question 3 continued
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Question 3 continued
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(Total for Question 3 is 15 marks)
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. There are 32 students in a class.

Each student rolls a fair die repeatedly, stopping when their total number of sixes is 4
Each student records the total number of times they rolled the die.

Estimate the probability that the mean number of rolls for the class is less than 27.2
(6)
—> Negokive Binoriok We oxe looking fer

# o tviols wntl O cevtaun 4 of Suctesses is veached ¢4)
X-> tFof rolls it toker to gek 4 sixes define vorialole
A~ NegBM,q'b-\ M

- tankion of " " inducates Centrol Limit Theovem
ixuNCP.,gs)
Colaore p and o

M:%—:4¥6=14 2 u=24 for

wi-3) 4x2 ¢ A
L ’ﬁ; dxe - “x4-x‘-£=110 o= M
(]

36
- 1
oo KeeNG2e, V)
“Cin Jowr_Calculatny enter -J‘;—T;—’ =0

P(X < 2%.2) = 0.9508%
=095

AR 0 00 O A o
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Question 4 continued
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(Total for Question 4 is 6 marks)
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5. A machine fills cartons with juice.

The amount of juice in a carton is normally distributed with mean g ml and standard
deviation 8 ml.

A manager wants to test whether or not the amount of juice in the cartons, X ml, is less
than 330 ml. The manager takes a random sample of 25 cartons of juice and calculates
the mean amount of juice x ml.

(a) Using a 5% level of significance, find the critical region of X for this test.
State your hypotheses clearly.

“4)
The Director is concerned about the machine filling the cartons with more than 330 ml
of juice as well as less than 330 ml of juice. The Director takes a sample of 55 cartons,
records the mean amount of juice y ml and uses a test with a critical region of
{¥ <328} U{Y >332}
(b) Find P(Type I error) for the Director’s test.
(2)
When p =325 ml
(c) find P(Type II error) for the test in part (a)
(2)
(@)Hypotheses X -> amount of juicein o carton define voxiable
Ho: M:=330 X ~ N(330, 8?) ‘)
He. <330 81 Xx ~ N(330, (:T_s\') we ave told he token o :.use_Sample mean
critical value 1
P(X<C)=0.05 M
€ =InuN(0.05) with parameters u=330, & %
C=32%.368
2. Critical Region: (X< 32 A4
(b) is the of (Hots true bux we reject it)
It is just the of the test.
- a t N
Yz~N330,() ) ™
330

By symmetry, we see that P(Y<328): P(¥>332).
. PlType )= 2xP(Y¢3289)
= 0.063332 = 0.063% to 3s§ type T ervor
A1

R ()

region

R0 0RO 0 A o
P 7 4 0 8 0 A 0 1 4 2 4
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Question 5 continued
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Question 5 continued

&:
0

+%0%%
25555
A
K
Soeoss

OO
da%esetegetole’s
ARE]
Odade b
RIS

X
&
34

<
A
o%!

090000 %%
%tore0se%

Q0
020002
AT
) ot &
L

X5

%%
o%
#

%%
&L

00 %%%

5
%S
%9
<
S

XX
ote%e%
Xk
%,
S

QX

QXX
v

"tb

9%
+9%
&

050>
%02
-
<5
%
!

<
6%
CY]
.
555

02‘02
0,95 5e
R
3%

190%%%%
o
<IN
S5
o

<
%!

£

X
0o

X

pgoretes

A
o5

<R

5

%
K
RS

0
0
&L

3RS
RRRRRKS

(Total for Question 5 is 8 marks)
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(b) Describe an outcome that could be modelled by the random variable X

The discrete random variable X has probability generating function

t2

G,(@) = >
=G

(a) Specify the distribution of X

A fair die is rolled repeatedly.

(c) Use calculus and G (¢) to find
) EWX)
(i1) Var(X)

The discrete random variable Y has probability generating function

th

(3-27)

GY(t) =

(d) Find the exact value of P(Y = 19)

(a) Negotive Binowial, as NegBLr,p) N0S probability generating fumction

(b)

ot 1" | t?
"t("ﬂ] \ (3 _Zt)z
By observation—> r=2

. 1 1

(ompare denominators:  (1-tU-y) = (3-2”". = ($01-36)

Troctovire 7 —

1-p

1-p= ‘% - p-..;.
c.distuburon Negslz, ¥y A1

¥ of rols to aceve & 5 or 6 twice B
T L=
) oukcomen, sp p=2xg L !
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Question 6 continued

) 2
() Var (x)= Gylv) + Gyl1) = [Gy(n)]

E(x)= Gy (1)
Gult)= 22(3 =2t)"

- -2
s 4t‘(%-zn’+ 2t(3-28) maal brocket!

-3 -2
601 = 401) (3-2010) + 201 (3-2¢4))

= 4 (3-1.)34- 23-2)"

44+
106 A
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-4 ) -2 -
- Bylt) = 2482(3-260 + 86 (3- 26934 2(3-2¢) +8k(3-26)° Wy
-4 \ -
= 24E%3-24) + 16k (3-26) + 23 - 261"

3

45! a3 )
"o t 2160 ¥
= 24+16+2
] - + (] =

Var(x)= 42+ 6 - (6)° 1\

C 2
v + Gyl - [Gatn)] :

= 48-3%
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Question 6 continued
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Question 6 continued
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7. Each time a spinner is spun, the probability that it lands on red is 0.2
(a) Find the probability that the spinner lands on red

(i) for the 1st time on the 4th spin

(2)
(i1) for the 3rd time on the 8th spin
(2)
(i11) exactly 4 times during 10 spins
(2)
Each time the spinner is spun, the probability that it lands on yellow is 0.4
In a game with this spinner, a player must choose one of two events
R is the event that the spinner lands on red for the 1st time in at most 4 spins
Y is the event that the spinner lands on yellow for the 3rd time in at most 7 spins
(b) Showing your calculations clearly, determine which of these events has the greater
probability.
(7)
(a)i.use geometric distribution. ii.wse_Negative Binamial pistvibution
X~ @He0(0.2) T~NegB(3,0.2)
PIY=4)=08%x0.2 per=81=[3)0.2 x0.9)°
=0.024¢  NAL ®0.05505—0.0551 to 3sf 1A
iii. Use pinomial distribution
F~B810,0.2)
P(F:=4)=0088080 —> 0.0881 to 3sf 1141
(b) For Red use geometric distribukion For use Hegarive Binomial distribution
R~ Geo (0.2) Y~Neg8(3,0.4) 11
P(R€4) = 1-P(x>4) PY§D = i-[[}]o.ﬁo.s’ + (1) oa's o.s‘e[;]o.e‘] M
=1-08" =0.5904=PCR) MAMIAL Lwe are subtvacting the cases where we
don’t succeed (loss than 3 successes in 3 tries)
=0.580096= P(Y) A

Compare Probabilihes:

0.5904 > 0.580096
P(RY > P(W)
fed has Wgher pvobability A1
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Question 7 continued

(Total for Question 7 is 13 marks)

TOTAL FOR PAPER IS 75 MARKS
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